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Abstract 

The Liouville field theory on Zjv-Riemann surfaces is studied and 
it is shown that it decomposes into a Liouville field theory on the 
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a product of the correlation function for the Liouville vertex operators 
on the sphere and a number of twisted fields. 
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1 Introduction 


The main motivation to study two-dimensional Liouville field theory (LFT) is 
its relation to the string theories and the realization that it provides an effec¬ 
tive theory of 2D quantum gravity. However, despite significant progress in 
understanding the classical Liouville theory, our understanding of the quan¬ 
tum Liouville field theory is quite limited. However, since the 80’s, essential 
progress has been achieved in the understanding of quantum LFT ([2, Q and 
references therein). The interest on LTM was intensified with the develop¬ 
ment of the matrix model approach that confirmed results obtained with the 
LFT (PI and references therein). Recently, the interest on LFT has again 
been renewed since an analytic expression for the three-point correlation 
function of the Liouville vertex operators has been consrtucted i, ii- 
The present work is organized as follows. In the first part of section |^, 
a brief description of the LFT on Z^v-surfaces is given. In the second part 
of section ||, we use Polyakov’s proposal, to express the partition function of 
the LFT on a Zjy-surface as a partition function of a LFT on a sphere and 
free scalar field theories with inserted Liouville vertex operators and twisted 
fields. The present paper generalizes a previous work of one of the authors 

pi. 


2 LFT on Z^v-Riemann surfaces. 

A ZAT-symmetric Riemann surface Xg^'^ of genus 5 ^ > 1 is determined by an 
algebraic equation of the form 

h 

y^{z) = ’ ni>l , 

i=l 

i.e. Xg^'^-is an iV-sheeted covering of a Riemann sphere. The genus g of a 
ZTv-Riemann surface 

{N-l){h-2) 

^ 2 

can be calculated using the Riemann-Hurwitz theorem. The algebraic equa¬ 
tion of the Z^v-surface has h complex parameters; therefore the moduli space 
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has dimension 


dim = h — 3 = 


‘29 


- 1 . 


N-1 

Comparing with the dimension of the moduli space A4 for generic Riemann 
surfaces, 

1, if ^ = 1 , 

35' - 3, if 5- > 1 , 

we can conclude that the Zjv-surfaces do not contain all Riemann surfaces. 

We start with Liouville theory in the conformal gauge. The action is 
given by 


dimAf = 


5 = 


(fy 




where b and fi are the coupling and cosmological constants respectively. We 
have hxed a hducial metric ^ on a given surface with curvature R normalized 
by 

^ [ d^y ^/§R = 2{l - g) . 

We label the N sheets of the Riemann Z^v-surface Xg^'^ by the numbers 
I = 0,l,...,iV- 1: 


yd\z)=JY[iz-u;gp/^ 

i=i 


( 1 ) 


Under the map (J^), the Lagrangian density C{(j){y)), the energy-momentum 
tensor T{(l){y)), and the Liouville helds (j){y) on the Z^v-Riemann surface map 
into branches: C^)(^z)), Rd')(^z), and (j)d'>(^z), I = 0,—1 respectively. 

Let be the conformal factor of the metric under conformal transfor¬ 
mations of the coordinates. The Liouville branch helds (z) transform like 
a logarithm of the conformal factor: 

= (i)^^\z,z) - y log I n'{z) , 


where 


Q — b-\- 


On each sheet, we have a holomorphic Liouville energy-momentum tensors 
Td^z) = -{d(j)d'){z,z)y + Qd^(j)d\z,z) , 
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with the Liouville central charge 

c = 1 + 6Q2 . 

As usual, we assume that the fields on the A^-sheeted 

covering may be considered as vector fields on CP^. When the argument of 
these vector fields encircles the branch points, they transform among them¬ 
selves according to a certain monodromy matrix. This monodromy matrix 
forms a representation of the first homotopy group 7ri(CP^/ U Uj) which in 
our case is just Zat. It is convenient to pass to a basis § in which the 
generators of monodromy group are diagonal: 

N-l 

(Pik){z,z) = , 

1=0 


N-l 

1=0 

The “bosonization rule” for the operators T(fc) in the diagonal basis can be 
written as follows: 

1 iV-l 

P(fc) NN 'y ^ s) T Qd ■ 

s=0 

In particular, the form of the Liouville energy-momentum tensor is given by 

1 1 

T{0) = -^90(0)50(0) + Q5V(0) - (2) 

SzjtO 

and the corresponding Liouville central charge is 

c = N{l + QQ^) . 

According to the previous results, the original theory splits into a sum of 
a LFT on a sphere with the central charge Cg = 1 -|- 6Q^N and N — 1 free 
field theories 0(s), s = 1, 2,..., iV — 1 with central charge c/ = 1. 

Under a holomorphic transformation of the coordinates, the Liouville field 
0 ( 0 ) = <h and the free fields 0(fc) {k ^ 0) transform as follows: 

$(a;,(h) = ^(z,z) - fQlog I f2'(z) p , 

0(fc)(a;,a;) = 0(fc)(2:,z) , k 0 . 
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We rewrite (|^) in terms of new variables: 


1 1 

T = + Qd‘^<l> -j^Yl 9(p{s)d(t){-s) ■ 

s^O 

According to the monodromy properties of the vector helds on CP^, we 
have to define two kinds of “Liouville vertex operators”. The first kind is 
“untwisted vertex operators”: 

V[o](z,z) = . 


with dimensions 


N 


1 V ^ 

A[o] = 2a{Q - a) + — ^ a(s)a(-s) . 


( 3 ) 




The physical LFT space of states is defined by the following charge |^, |n 


• 

a = zp+j . 

Substituting this value in the expression (^, we hnd 

A[o] - + 2p + y ^ a(6)a(-^) • 

The second kind of vertex operators is the “twisted vertex operators” which 
have the form: 

V[k]{z,z) = e^"<'^^^'^'^ak{z\l)ak{z\2).. .ak{z\N -1) . 

In the above formula, ak{z\l) is a twist helds having dimension 

A. = i|{^} - {|}^l . 

where the symbol {x} denotes the fractional part of x. Thus, the twisted 
vertex operators have dimensions: 


A[fe] = 27(Q - 7) + 


- 1 
2AN 
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We now proceed to construct the partition function of the LFT on the 
Z^v-surface Xg^'^ by making use of the above results. According to a main 
proposal of Polyakov [^], a “summation” over a smooth metric with insertion 
of vertex operators at some points should be equivalent to the “summation” 
over a metric with singularities at the insertion points and without insertion 
of any vertex operators. Therefore, the partition function of the Liouville 
held theory on the Z^r-surface, 


Zg= \D<j> exp - j 




can be represented by the expression 

1 


Zg = j exp - j 




X 


X 


Yl D(j)(^s) exp 

s^O 

h 


4nN 








n 

2=1 




aki{^i\l)aki{uJi\2)...aki{^i\N - 1 ) , 


(4) 


where 



In order to evaluate the partition function written above, we will hrst in¬ 
tegrate over the zero mode of <h. After this integration is performed, we 
hnd 



h 

X Yl(Tki{^i\l)(JkX^^i\2)...akX^i\N - 1) , (5) 

2 = 1 
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where 


h 

= Q - sb , ( 6 ) 

j=i 

and <h denotes fields orthogonal to the zero mode 0 . The correlation fnnction 
in (Q) of the fields ak is determined by: 

h 

(ncrfci(a;i|l)crfci(a;i|2)...(Tfci(i:ni|iV - 1)) = I -'^j (dethh)”^/^ , 

i=\ 


where the matrix W is the period matrix and jij forms a basis in Hi{Xg^\'L) 
Moreover, it is well-known that the mnlti-point correlator leads to 
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the partition fnnction of the free scalar fields nnder the Ramond bonndary 

0 . 


condition 


The first correlation fnnction in (0) is not a free field correlator 


becanse, in general, the power s is not a positive integer. However, for integer 
valnes, s = n E the partition fnnction Zg exhibits a pole in the ^ 7 * with 
the residne being eqnal to the corresponding pertnrbative integral 


Res Zg{uJi,...,uJh) = 

Z, 'ri=Q-nb 

where is the free field correlator 


S li=Q-nb 


qG) _ 




n\ 


I 




h 


X 


X 




i=i' 


|n 


exp 




i=l 

1 


dvriV 




s^O 


X n (^fci(a;i|l)cTfc,(a;i|2)...crfc,(a;i|iV - 1) . 


2 = 1 


This is jnst the n-th term in the naive pertnrbation of Zg in powers of /i. 
So, the LFT partition fnnction on the ZTv-snrface has been rednced to the 
Lionville correlation fnnction on the sphere with inserted Lionville vertex 
operators (with charges 7 *) and to a correlation fnnction of the twisted fields 
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n|. The residue of the LFT partition function on the Z^y-surface at the poles 
are the correlation functions of the free held theories on the Z^y-surface. 

Let us consider the special case of the Liouville held theory on an elliptic 
curve, i.e. N = 2, h = A. We can rewrite the partition function Z\ for this 
particular case as: 


I exp - J 


Zi = j exp 
X D(f) exp 




J Dcj) exp — J 


Stt 


d(j)d(j) 


n 

2=1 






The residue of Zi (corresponding to (||)) will be equal to the conformal four- 
point function 


Res Ziitoi, ..., 004 ) 

T, 'n=Q-nb 




Z 'yi=Q-nb 


where has the form 


^71727374(^1’ ^2, ^4) 

n „ 4 

X n / JJ 

j=i i=i 



g 27 i$(aii,aJi) 


I 

I 




Dcj) exp 

</.eSi 



We can thus conclude that the Liouville partition function on an elliptic 
curve reduces to the four-point correlation function of the Liouville vertex 
operators on the sphere and the partition function of the free held theory 
where integration goes over the compactihed helds with Ramond boundary 
conditions. 
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